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Abstract. We continue here with previous investigations 1111 on the global 
behavior of general type non-linear wave equations for a class of small, scale- 
invariant initial data. In particular, we show that the (4-|-l) dimensional Yang- 
Mills equations are globally well posed with asymptotically free behavior for a 
wide class of initial data sets which include general charges. The method here 
is based on the use of a new set of Strichartz estimates for the linear wave equa- 
tion which incorporates extra weighted smoothness assumptions with respect 
to the angular variable, along with the construction of appropriate micro-local 
function spaces which take into account this type of additional regularity. 



1. Introduction 

The goal of this paper is to give a proof and description of the global regularity 
properties of a wide class of non-linear wave equations on (4-1-1) dimensional 
Minkowski space. This is a continuation of our previous work All the equations 
we shall consider here are semi-linear wave equations with derivative non-linearities. 
The generic form for such an object can be written as follows: 

(1) = AA(0^v0^) , 

where O = —dt + is the usual D'Lambertian with Ax — + 82 + + dl the 
Laplacean on M.'^. Here, the superscript notation in the (j)^ denotes that we may 
be considering a system of equations, where the I can be thought of as an index. 
The non-linearity Af on the right hand side of is some function of cj)^ and its 
first partial derivatives, collectively denoted by (j)^ . However, we do not allow Af 
to contain second order derivatives of (j). Also, we will restrict ourselves here to 
the case where the non-linearity Af has constant coefficients and is a polynomial of 
degree 2 or higher in the vector {(j)^ , V(j>^) with no interaction of the type (fP. This 
is not a severe restriction because it still includes the class of gauge-field equations 
on Minkowski space, which is one of the main motivations of this work: 

Specifically, let {G,q) be a compact, semi-simple Lie group with Lie algebra g. 
For a given set of g-valued functions on Minkowski space {Aq,}, a = 0, ... ,4, we 
form the curvature 2-form: 

(2) = dc^Ap - dpA^ + [Aa.Ap] . 
Then F is said to satisfy the Yang-Mills equations if: 

(3) D'^Fc.p = , 
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where DaF ~ daF + [Aa,F] denotes the gauge covariant derivative of F in the 
direction of da- Expanding out the equation (j^J in terms of the gauge potentials 
{Aq}, we arrive at the following second order system of PDE: 

(4) aAp = dpd'^Aa - + K, + [A",Fap]) . 
If we now make the a-priori assumption that: 

(5) = , 

the so caUed Lorentz gauge condition, then reduces to: 

(6) UAfi = -[Aa,d''A0]-[A^,Fa0\ . 

In fact, it turns out that if {A^} is a solution to © such that at i = one has the 
gauge condition: 

(7) d'^Aa (0) = d'^dtAa (0) = , 

then (O is satisfied for all times where the solution in sufficiently smooth. That 
is, the Lorentz gauge condition propagates. Notice that if the second condition in 
(O is to be satisfied, then from the equations we must have that the temporal 
potential Aq satisfies the following elliptic constraint equation at < = 0: 

(8) A,Ao(0) = 9M,(0) + K,a"A^](0) + [A",F„^](0) . 

This implies that in general, the initial data for the system (jSJ (and indeed for 
the system (0J)) cannot decay better than . This fact is known as the charge 
problem, and causes certain difficulties in the global theory of We will discuss 
this in more detail shortly. 

We now return to the more general discussion of equations of type Our 
main concern will be the global in time regularity properties for these kind of 
systems. This type of question has been considered by many authors for various 
spatial dimensions, and it is not possible to give here a complete account of all the 
progress that has been made to date. In the case of 4 spatial dimensions, that is 
(4 + 1) dimensional Minkowski space, the first general theory of the global behavior 
of non- linear systems of the form ^ was given by the breakthrough work of S. 
Klainerman 0. Specifically, he showed that if the non-linearity on the right hand 
side of CQ) is schematically of the form: 

(9) U(p' = |V0^|2 , 
and the Cauchy data: 

(10) 0^(0) - f , 9t<^'(0) - / , 

is sufficiently smooth and decays sufficiently fast at (space-like) infinity, then as 
long as the corresponding norms are small enough a global solution to © with 
this initial data exists. The method of that paper was based on controlling the L°° 
norm V0 to such an extent that Duhamel's principle could be used globally in time. 
That is, one makes crucial use of the uniform decay of the solutions to the non- 
linear problem @. This decay is provided by certain weighted energy estimates 
which can naturally be recover by commuting the various weights (vector fields) 
with the Hnear equation on the left hand side of ©. At the outset, the result of 
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did not include the case where the non-linear system takes the form (again 
schematically) : 

(11) a(t)' ^<j>^W(l>^ , 

which is the general interaction type of the Lorentz Yang-Mills equations A 
somewhat more involved argument is needed to get around the fact that the natural 
quantity one can gain control of via the energy method is instead of cj)^ . 
This problem was handled by Hormander in who used certain Riesz potential 
modifications of the usual energy to gain the needed L°° control on (p^ . Notice that 
in some sense, the problem Hll(l is critical with respect to the decay of (j)^ . This 
can easily be seen by integrating the naive asymptotic one would have for V^^: 

|V0^| 



(t + r)f(|t-r| + l)5 

to obtain ~ t~^, which just fails to be integrable globally in time."*^ Heuristi- 
cally, this means that one cannot close a boot-strapping argument for the system 
(|ll|l without allowing either modifying the energy in some way, allowing it to grow, 
or finding some family of exact space-time integrals to control error estimates which 
come from the differentiation of the non-linearity. A major drawback of the results 
is that they assume the initial data H10() is either compactly supported or 
decays in such a way that it is L^. That is, the data is assumed to decay like r~^~'^ 
as r — *■ cxD. As we have mentioned in our previous discussion of the Yang-Mills 
equations ©, this kind of decay rate is not quite attainable.^ For these reasons, 
as well as its intrinsic interest, we introduce here a completely different method for 
studying the global behavior of (|ll(l which is based on recent advances in the low 
regularity theory of general non-linear wave equations. As a point of comparison, 
this method allows us to handle initial data which only decays like r~^~'^ at infinity. 

The method we employ here is not based in any way on the uniform properties 
of solutions to the system (^. Instead, our point of departure will be the following 
simple observation: Let be a given solution to the system (|ll|l . Then is is easy 
to see that if one performs the scale transformation: 

(12) 0i(^,a;) = X(j)'iXt,Xx) , 

the resulting function is also a solution to the set of equations (|11() . This is just 
a reflection of the fact that the equations l(TT|l are homogeneous. Suppose now that 
one could produce a Banach space B which is dimensionless with respect to the 
scale transformation (|12|l at time t = 0. That is, one has the identity: 

(13) II (</.^(0), 9,0^(0)) \\b = II (<^l(O),A(a,0^).(O)) IIb • 



^Of course one ean obtain the correct decay directly for <f>^ through the use of Morawetz type 
multipUers. However, the price one pays for this is the presence of extra weights in the energy 
integral. Once these are taken into account, one will see again that (at least alone the forward 
light cone t=r) the decay in (t + r) is critical. 

"^However, note that one is only off by logarithmic divergence. It is likely that this problem can 
be overcome by using an appropriate fractionally weighted modification of the usual vector-field 
method. We will not pursue these ideas here, as our approach is much more general and includes 
initial data sets which decay at a rate that would be highly singular to any straight forward 
modification of the vector-field technique. 
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Suppose that furthermore, one had an existence theorem which said that any set of 
initial data for which Ijl^^ll is smaU enough, there is a local in time solution to Hll|l 
with this initial data. Then, by simply re-scaling, such a local existence theorem 
would necessarily be global in time. Because the equations we are considering are 
hyperbolic, it is natural to look for a B which is an energy type space. A simple cal- 
culation shows that on W^, the Sobolev space which is scale invariant with respect 
to H12|l (at i = 0) is the energy space H^. However, it is not at all unreasonable 
to expect that such a space is far too weak to control solutions to locally in 
time. For example, in 4 spatial dimensions is a whole derivative (and then 
some) away from controlling L°°. In fact, one can see immediately from looking at 
the first non-trivial Picard iterate to that one starts to loose regularity as soon 
as the initial data is rougher than i/^+J (see ,6 ). Furthermore, by an adaptation 
of the (3-1-1) dimensional counterexamples of Lindblad [S|, one should be able to 
show that certain instances of the equations are ill-posed in the Sobolev spaces 
when s < 1 -I- ;|. This is in stark contrast to the situation in (5 -|- 1) and higher 
dimensions, where one can come arbitrarily close to the scale invariant Sobolev 
space jl4| . and can in fact recover local existence in the scale invariant Besov 

space i?~2— ^1 in (6 + 1) and higher dimensions |11|. 

The reason why the low dimensional setting is more difficult to control than the 
higher dimensional regime it that "parallel" interactions in the non-linearity on the 
right hand side of (|ll|l become stronger and stronger as the dimension decreases. 
Closely related to this is the range of validity of the so called Strichartz estimates. 
Specifically, in (4 + 1) dimensions, one looses the L^{L'^) Strichartz estimate which 
clearly plays a major role via Duhamel's principle in the well posedness theory equa- 
tions with quadratic type interactions (that is, one looks to put the non-linearity 
in L^(L^)). For an important class of equations with special structure in the non- 
linearity, this interaction of parallel waves is largely destroyed, and one can gain the 
needed improvement over the H^^t- barrier to come arbitrarily close to the scaling. 
For example, this was accomplished by Klainerman-Tataru in |Zj for the Yang-Mills 
equations Q with the Coulomb gauge enforced. Going even further in this direc- 
tion, it should be possible to combine the Besov space technique of with the 
compound null structure'^ discussed in to push the global well-posedness theory 
of these (Coulomb gauge) equations to the scale invariant Besov space B^'^ . Finally 
it is conjectured, and a major open problem of this subject, that by either working 
with the curvature directly or by making use of the Coulomb gauge restriction 
of the equations I0J, the equations Q are well posed in the scale invariant Sobolev 
space H^. 



A close inspection of the proof in will show that this is needed to get around the failure of 
certain end-point bilinear L^{L°°) estimates. Specifically, compounding the non-linearity of Jl} 
in the Coulomb gauge, and taking into account various cancellations due to the null structures 
present, one arrives at a set of equations that morally looks like □</> = A~^{4i\7<j)) ■ SJ^). This 
equation looks a lot like wave-maps, except that the weights are distributed in a more unfavorable 
fashion. In particular, while it is true that one can get A~^((/>V(/i) ^ L^(L°°) at fixed frequency, 
there is no room left to add over the low frequencies in a High X High => Low interaction. 
Therefore, even if one assumes a Besov structure for the <j>, there is not enough room to close. 
However, this is exactly the bad frequency interaction which is eliminated by the tri-linear null 
structure of 
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However, our interest here is in the Lorentz gauge equations JHl, and more 
generally equations which are generically of the type An inspection of the non- 
linearity in © reveals that it does not seem to contain the special "null structure" 
of the non-linearity of l@J in the Coulomb gauge (at least at the bilinear level), 
and it is a tentative conjecture that these specific equations are in fact ill-posed 
for regularities less than H^^t. This brings into question whether one can prove 
scale invariant global existence in the spirit of JJ^. It is clear from the above 
discussion that any modification to that theory will need to go away from translation 
invariant spaces. That is, one is led to look for a theory which includes the low 
regularity micro- local techniques of pTl] , but somehow makes crucial use of the 
weighted vector- field from j^. One idea is to understand how the presence of 
homogeneous weighted derivatives effects the range of validity of the Strichartz 
estimates. Because the main obstacle to improved estimates of this type is the 
presence of waves which are highly concentrated along a given null direction, it is 
natural to expect that the rotation generators: 

(14) rijj = Xidj - Xjdi , 

play a distinguished role because they penalize such objects. This indeed turns out 
to be the case, and one gains a significant improvement at the level of both linear 
and bilinear estimates as was discussed in |T21 . This observation will form the basis 
for the first main ingredient of the approach we take here, which is to better control 
the linear theory. At the non-linear level, one would expect that the rotations H14|) 
also play a major role because they would help to eliminate parallel interactions 
coming in the right hand side of In other words, one would hope that in some 
sense the rotations (|14|) could substitute for the null-structures one makes use of in 
the Coulomb gauge. Again, this turns out to be the case and will form the second 
main pillar of the approach we take here which is to build function spaces that take 
into account "angular concentration" phenomena. What we will do is prove prove 
the following theorem: 



Theorem 1.1 (Global well posedness for the system For the generic system 

of non-linear wave equations on (4 -|- 1) dimensional Minkowski space, there 
exists constants < eQ,C such that if 

(15) II b^.^xB- 

where B^^^ is the Banach space with norm: 

(16) \\h\\si^. = \\h\\B.^+T.\\^^Jh\\s.., , 

and likewise for B^^ , then there exits a global solution to the system with 
initial data {f^,g^) which satisfies the stability condition: 

(I'') II V'^ llc(4V')nc(i)(B°'i) ^ C'll (/^5^) Iliji-ixB"'! • 

In particular, there is no energy growth of the solution to Hll|l . The solution ip^ 
is unique and depends smoothly on the initial data in the following sense: There 
exists a sequence of smooth functions {flf,gl^) such that: 

hm ||(/^/)-(/^,<?i,)bi,i,^oa = . 
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For this sequence of functions, there exists a sequence of unique smooth global so- 
lutions i/'at of with this initial data. Furthermore, the ipj^ converge to as 
follows: 

Also, ip^ is the only solution which may be obtained as a limit (in the above sense) 
of solutions to ^ with regularizations of {f^ ,g^) as initial data. Finally, ip^ retains 
any extra smoothness inherent in the initial data. That is, if (/^, g^) also has finite 
X H^^^ norm, for 1 < s, then so does ip^ at fixed time and one has the following 
estimate: 

(18) IIV/|lc(Aft)nca)(A=-) < C\\ (f , g') \\^^,^^-^ . 



In a straightforward way, our estimates also address the issue of the asymptotic 
freedom of the system As an immediate corollary of our approach, we have 

that: 



Theorem 1.2. Using the same notation as above, for our solution to the system 
l[T)l with initial data {f^,g^), there exists data sets (/^ ,g^ ), such that if ip^ is 
the solution to the homogeneous wave equation, Hip^ = 0, with this initial data, 
the following asymptotics hold: 

(19) l^mU'''-^p'\\^^..^,^^o. = 0, 

(20) ^hm^||^^--^^||^.,.^,^^oa = 0. 

Furthermore, the scattering operator retains any additional regularity inherent in 
the initial data. That is, if {f^,g^) has finite x H^^ norm, then so does 
(/^ I 5^ ): '"^'^ the following asymptotics hold: 

(21) ^hm ||V/''-V''||^.na.i^r^ = 0> 

(22) ^Hni^||V'^--V'^||^.^,^^.-. = 0. 



Remark 1.3. In the statement of the generic system Hll(l and in proof of Theorem 
II. II we have ignored the cubic type interactions {<p')^ which appear on the left hand 
side of ©• Notice that these terms respect the scaling (|12f) . It turns out that they 
are trivial to treat in the spaces we use here by taking a product of the i^(L^) 
Strichartz estimate which is available in (4+ 1) dimension. The only real issue is to 
make sure that one recovers the Besov structure for High x High =^ Low frequency 
interactions, but this is again a triviality due to the room in the L^{L^) estimate 
(one does not even have to use bilinear estimates to do this). 



Remark 1.4. For convenience, we have chosen to work here with the spaces IjlSf) 
which involve a whole angular (momentum) derivative. As the reader will see 
shortly, there is much room in the dyadic estimates of our proof. Specifically, it 
should be possible to prove our theorem with the use of only a little more then ^ 
an angular derivative. However, this would force one to work out L°° paraproducts 
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in the angular variable, which would bring another layer of technical complications 
that we have chosen to avoid. However, this still leaves an interesting gap because 
based on the local theory one would expect that, say for compactly supported initial 
data, there is global regularity for small 77^+3+'^ norm. Therefore, in some sense, 
our estimates seem to fall j a derivative short of the optimal level. Perhaps this 
gap can be eliminated by somehow incorporating (fractional powers of) the other 
invariant vector-fields. In particular, the boosts Oq^ — tdi + Xidt- We will say no 
more of this here. 



Remark 1.5. We have not included here a specific discussion of the first set of model 
equations It turns out that these are a bit easier to treat than the equations 
In other words, the difference between and which can be seen at 
the level of decay can also be seen at the micro-local level. Specifically, for the 
equations ©, the estimate (I114|) below would be much easier to prove because it 
would not need the bilinear estimates H35|l. It should be noted however, that the 
somewhat more involved version of the estimate (|114|l which we use here can also 
directly be used in the proof of the well-posedness of equations of type jnj. 



2. Notation and preliminary setup 

For quantities A and i?, we denote hy A< B to mean that A ^ C ■ B for some 
large constant C. The constant C may change from line to line, but will always 
remain fixed for any given instance where this notation appears. Likewise we use 
the notation A ^ B to mean that ^ ■ B ^ A ^ C ■ B. We also use the notation 
A <^ B to mean that A ^ ^ ■ B for some large constant C. This is the notation 
we will use throughout the paper to break down quantities into the standard cases: 
A ~ i3, or A <C i?, or i? <C A; and A < B^ ox B ^ A, without ever discussing 
which constants we are using. We will also employ the following notation to indicate 
arbitrarily small adjustments to a given numerical value: For a given constant A, 
we write A-\- (resp. A—) to mean that for any sufficiently small < e, we may 
replace A+ hy A + e (resp. A~ t) on the line where it occurs and still have a true 
estimate. However, we do not assume any uniformity in this notation. That is, 
any implicit constants which appear in conjunction with A± may depend on e. An 
example of this is the L°° Sobolev estimate: 

II / I|l=°(R4) ^ II / ||_H"2+(R4) . 

Also, if two separate occurrences of the A± notation appear on the same line, we 
will not assume that the same e is being used for each separate occurrence. 

For a given function of two variables (i, x) G R x we write the spatial and 
space-time Fourier transform as: 

u{t,Ci = / e-2'^*(^*+«-=^) u{t,x) dtdx . 
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respectively. Because we are not assuming any extra structure in the non-linearity 
of Hll() . we will work almost exclusively with the space-time Fourier transform. 

For a given function / of the spatial variable only, we denote by: 



e 

the forward and backward wave propagation of /. 

Let E denote any fundamental solution to the homogeneous wave equation: i.e., 
one has the formula OE = S. We define the standard Cauchy parametrix for the 
wave equation via the rule: 

^ E*F-W{E*F) . 

Here and in the sequel, for any test function H we use the notation W{H) to denote 
the solution to the homogeneous wave equation with initial data (H{0),dtH (0)). 
Explicitly, one has the identity: 

^^un f' sin(2^|g|(^-.)) ^, 
(23) -F {t, - F{s, ds . 



For any function F which is supported away from the light cone in Fourier space, 
we shall use the following notation for division by the symbol of the wave equation: 



1 

— F 



E*F 



Of course, the definition of -= does not depend on E so long as for F is supported 
away from the light cone; and for us that will always be the case when we use this 
notation. Explicitly, one has the formula: 



1 



-F 



1 



Next, we record here some basic results from spherical harmonic analysis. For 
more details on this material, see the companion paper to this work 12 . The first 
order of business concerns defining fractional powers of the spherical Laplacean: 

As is well known, this can be done via spectral resolution, and we write: 
(24) = {-Asph)i . 

The operator (|24|l kills off the spherically symmetric part of any function it is 
applied to. Because of this, we will employ the following "inhomogeneous" version 
of this operator: 

{nyj = Fo + \n\^f , 
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where / is a function of the spatial variable, and /o denotes the spherically sym- 
metric part of /. That is: 

A key property of the operators is that they commute with the spatial (and 
thus space-time) Fourier transform: 

Also, we have the following equivalence of Sobolev type norms^ involving the unit 
power (ri): 

(25) ll/llffl(R4) = II (^)/ IIl2(R-4) = II /O lli2(R4) + ^ II |||2(R4) . 

i<j 

Because all of the norms we build here will be based on the unit powers (Q) , we will 
by abuse of notation replace any instance of a single with the operator , and 
although it is not strictly true, we will assume that there is the point-wise Leibniz 
rule: 

{n)ifg) = {n)f-g + f-{n)g. 
This will be a great convenience to us because some of the norms we define below 
are L°° based (in particular and (j^ 'l. where it would be difficult to define 
paraproducts for fractional powers (ri)*. 

Finally, we record here two basic results which follow from the Littlewood-Paley 
theorem for the sphere, in conjunction with interpolation in weighted spaces of the 
type LP{£l) (again, see ^21 for details): 

Proposition 2.1 (Sobolev embedding on the sphere). If F is a test function on 
the unit sphere Sr' C M*, then the following estimate holds for 2 ^ p < oo: 

II^IU-(s-^) < II {nf^^---^F\\ms^) , 

where the implicit constants depend only on p. In particular, if f is a test function 
on and s < |, then one has: 

/"OO /"OO 

(26) / \\fir)f e rUr < / \\ {ny f{r) Wh^^s) rUr ^ \\ f U^^iR^) . 

Proposition 2.2 (Interpolation of spherical Sobolev spaces). Let W^'^ denote the 
norm: 

Wfllw^'^iRi) = II (^^)''/ IIlp(R4) , 

for functions f of the spatial variable only. Then for 1 < pi , P2 < oo one has the 
following interpolation spaces: 

(27) {w^'-'^w^^-nt = VF^'^ 

where s = (1 — t)s^ + ts2 and - — ^^^—^ -j- -L 

^The Q subscript in conjunction with numerical superscripts, e.g. the s in Hq, will always 
denote angular derivatives in this section. In other places in the paper the Q subscript will always 
mean one angular derivative, while the superscripts will denote translation invariant derivatives. 
An example of this is the notation Bq^ introduced on line I16i . 
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3. Strichartz Estimates 

We list here the space-time estimates for the homogeneous wave equations which 
form the foundation for our proof of Theorem ll.il As we have mentioned before, 
all of these are of "Strichartz type" . The first group of estimates we will use are 
just the classical Strichartz estimates for the wave equation which we state for the 
case of (4 + 1) dimensions: 

Proposition 3.1 (Frequency localized "classical" Strichartz estimates on R(^+^) 
including cndpoints (see |2i))- Let n = A he the number of spatial dimensions, and 
let a — ^ he the corresponding Strichartz admissible exponent. If f is any function 
of the spatial variable only, denote by fi = Pif its unit frequency projection (see 
(|88|l )■ Then one has the following family estimates for 2 ^ q: 

(28) ||e'*^/i|U,(L.-) < II/i||l= , 
where - + - f^^. 

q r ^ 2 

As was discussed in the introduction, the estimates H28|l alone are not strong 
enough to close a global iteration argument for non-linear wave equations of the 
form . What is needed is an improvement of the range of admissible {q, r) indices 
on the left hand side of (|28l) . It is well known that this cannot be accomplished 
within the context of translation invariant smoothness assumptions on the initial 
data (see However, incorporating extra weighted smoothness assumptions 

for the angular variable provides the needed mechanism to overcome this obstacle. 
The corresponding estimates are: 

Proposition 3.2 (Frequency localized Strichartz estimates for angularly regular 
initial data (see |12|'1'1. Let n ~ A be the number of spatial dimensions, and let 
era — i denote the four dimensional angular Strichartz admissible exponent. Let 
fi be a unit frequency function of the spacial variable only (as above). Then for 
indices {q, r) such that ^ + 7 5^ § o.^'d ^ + < ^ j '^'^'^ f'^^ every < e, there is 
a Cf which depends only on e such that the following estimates hold: 

(29) II e"^/i < unyfih^ , 

where s^{l + e){^ + l-^). 

In practice, only a small subset of the indices (g, r) in the two propositions listed 
above will be of use to us. These are (00, 2), (2, 00), (2, 6), and (2, 3+). To highhght 
this fact, we list out the corresponding instances of and if^ : 
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(30) ||e'*^^/i|U=o(i.) < II MU. , 

(31) We^'^hU^L--, < II/1IU2 , 

(32) II e^*^/i ||L2(^e) < II /i lU. , 

(33) ||(C!)^e^*-^/i|U.(i3+) < 



In our proof of Theorem ll.il we will need more than just the linear estimates 
(I28|l -p9 |) . This is a common feature of lower dimensional problems, and is necessi- 
tated by the presence of certain bad High x High ^ Low frequency interactions. 
The standard device for dealing with this problem is the use of bilinear Strichartz 
estimates. We will use here T. Tao's fine-course scale idea for dealing with these 
(see [5] and The basic idea is to fix a scale, say ^ for /i <C 1, and then decom- 

pose the domain of the spatial variable into cubes with side lengths ^ ^ . Then, one 
replaces the usual L"^ norm in the spatial variable with £''(L^), where the norm 
is taken on the "fine" scale of each individual cube, while the i'' norm represents 
the "coarse" scale which is summation over all cubes. One reason this method is 
so powerful, is that it allows one to use the bilinear construction process directly in 
an iteration procedure, where resorting to the canned estimates that this method 
ultimately provides may be unduly burdensome. This is crucial when dealing with 
eccentric multipliers as we do here. Therefore, we will only state the two scale esti- 
mates themselves, without mentioning the various bilinear estimates which follow 
as a corollary. For point of reference, we point out here that these estimates will 
only be used in the proof of estimate (|114|l below. We begin by stating the classical 
two-scale estimates: 

Proposition 3.3 (Frequency localized two-scale Strichartz estimates (j^l ,E])). 
Let n = A be the number of spatial dimensions. Let < /i < 1 be a given parameter. 
Let {Qa} be a partition o/ M" into cubes of side length ^ i. Then if fi is a unit 
frequency function of the spatial variable only, the following estimates hold: 

(34) ll(Ell^^'^/ill'i^(Q.))'ll^? ^ l^-'Wfih^ , 

a 

where 6 ^ r. 

Next, we state the improvement to (I34II which incorporates angular regularity: 



Proposition 3.4 (Frequency localized two-scale Strichartz estimates for angularly 
regular data; endpoint case f 11121 )). Let n = A be the number of spatial dimensions 
and let fi be a unit frequency function of the spatial variable only. Let < < 1 
be given, and let {Qa} be a partition o/M" into cubes of side length ~ i. Then for 
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every < e, there is a Ce and 3 < depending on e, such that re ^ 3 as e — > 
such that the following estimate holds: 

(35) II(EII^'*^/iIIl\q„))*IIl? ;S c,n-i-''\\{n)i+'hh. . 

a 

In practice, we will only need a single instance of both 134|l and H35|l. We state 
these in encapsulated form here for the convenience of the reader: 



(36) ii(Eii^"^/iiii^(Q.))'iii? ^ M-Ml/ilU^, 

a 

(37) iKEii^^^^/iiiiV))"^"^? < n-^^+U\{^)h\\L^ ■ 



Notice that we have added an extra ^ an angular derivative to the right hand side of 
(|37|l above. This is how we will use this estimate in this paper, and is a reflection of 
the fact that we have elected to work with integral powers of the angular momentum 
operator |r2| in this work. 



4. Multipliers, Functions Spaces, and Scattering 

In this section, we will set up much of notation to be used in the proof of The- 
orem 11.11 and we will construct the function spaces used to iterate the problem 
(|ll|l . For the most part, the approach taken here is similar to that of with the 
simple addition of angular derivatives. A notable exception occurs in the definition 
of the special L^{L°°) "outer block" norms and (|?^ . Because of the need to 
capture extra savings in our estimates based on angular regularity, these are a bit 
more involved than their cousins used in |11| . We strongly recommend that the 
reader first read that paper as a warm up to the present work because it represents 
a simplified version of the type of decompositions and estimate combinations used 
here. 



4.1. Multipliers and angular restrictions. Let be a smooth bump function 
(i.e. supported on the set \s\ ^ 2 such that — 1 for |s| ^ 1). In what follows, it 
will be a great convenience for us to assume that <p may change its exact form for 
two separate instances of the symbol if (even if they occur on the same line). In this 
way, we may assume without loss of generality that in addition to being smooth, 
we also have the idempotence identity ip^ = ip. We shall use this convention for all 
the cutoff functions we introduce in the sequel. 
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For A S 2^, we denote the dyadic scaling of by (p\{s) ~ vij)- The most basic 
Fourier locaHzations we shall use here are with respect to the spatial and space-time 
Fourier variable and the distance from the cone in Fourier space. Accordingly, we 
form the Littlewood-Paley type cutoff functions: 

(38) PA(0 = ¥'2A(|el)-^iA(lel) , 

(39) s^iT,0 ^ V2xi\{r,m ^ Vixi\{r,m , 

(40) Q(r,0-V52d(M-|^|)-^i,(|r|-|e|) . 

We now denote the corresponding Fourier multiplier operator via the formulas 
Sxu — sxu and CdU = CdU respectively. We also use a multi-subscript notation 
to denote products of the above operators, e.g. Sx,d — SxCd ■ We shall use the 
notation: 

(41) S\^,^d = S\,s , 

S^d 

to denote cutoff in an 0{d) neighborhood of the light cone in Fourier space. At 
times it will also be convenient to write S'a,^^. — S\~ Sx,,<d ■ We shall also use 
the notation S^^ etc. to denote the multiplier S\,d cutoff in the half space ±t > . 

The other type of Fourier localization which will be central to our analysis will 
be the restriction of the spatial angular variable w, where ^ = \£,\i^- We accomplish 
this as follows: For each small parameter 77 ^ 1, we decompose the unit sphere 
in K"' into angular sectors of size ^ r] with bounded overlap independent of 77. 
We label the corresponding partition of unity by their angles and write them as 
U^^. It is clear that this construction can be done in such a way that all the 6^5' 
are (essentially) rotations of each other. Note that the multipliers ^J^'Pa essentially 
cutoff on parallelepipeds of size A x (A77) x (Ary) x (A77). Furthermore, after rotating 
each of these multipliers onto the ^1 axis, one has the following bounds: 

(42) |9f 5>| < CnX-"" , |9f 6>| ^ CNiXrj)-^ , 

for i — 2,3, 4. In particular we see that each operator Bi^P\ is given by convolution 
with an kernel, 

A major defect of the S\^d multipliers is that they are not uniformly bounded on 
most Lebesgue spaces. However, if we first localize them further onto a block that is 
directed along the light cone in Fourier space of dimensions A x \/Adx ^/Xdx ^/Xdxd, 
then the resulting kernels will be uniformly in L^. In the sequel we shall write these 
special block localizations as: 

^X,d ~ -^,da^A'i'A,d , ^X,*^d - -ts,^, i^AJA,.«:d • 

It is important to note that the above multipliers are cutoffs in the region of Fourier 
space where |t| < |^|. We now record some useful multiplier bounds, the proofs of 
which can be found in |llj : 



Lemma 4.1 (Multiplier boundedness on Lebesgue spaces). 
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(1) The following multipliers are given by kernels: A ^V5a, B'^^^iP\, 

^, and {\d)S^^ ^ . In particular, all of these are hounded on every 
mixed Lehesgue space L'^{L^). 

(2) The following multipliers are bounded on the spaces L'(i^), for 1 ^ q ^ ao: 
Sx,d, and Sx,,<d- 



In the sequel, we shall also need the following somewhat stronger version of the 
boundedness of the multipliers S'^ ^ and {Xd)S^^ S'^ j^: 

Lemma 4.2 (Multiplier boundedness on special L^{L°") spaces). Let u he a func- 
tion of space and time, then the following estimates hold: 

(43) j sup II ^Sl^u it) h^dt < sup II Sl,u (t) |U» dt , 

(44) J (Y.\\^SX,,u{t)\\U^ dt < j^J (^\\Sl,u{t)\\l^^ dt. 

(45) f sup \\ (t) \\ dt < fsnpWB';' ,PxSxuit)\\L^dt, 

(46) /(Ell^A,<i"Wlli-) dt < j r£\\B-^^^^PxSxu{t)\\l. 



dt 



proof of estimates (|43|l - (|46|l . It suffices to prove the implications (|43|) and H44|l . as 
the proofs of (|45|l and 1)46(1 follow from virtually identical reasoning. Using the 
idempotence relation S'^ ^ ~ '^\d^\d^ writing K'^ for the convolution kernel of 
the operator {Xd)S^^ S"^ ^, for the estimate we can bound: 

(Xd) [ sup \\is'^,^u{t)U^dt 



supWK'^^SlaU it)\\L^dt , 

UJ 

< J (^sup J \\K-{t-s)\\Li\\Sl,u{s)h^dsyt , 
sup WK'^it- s) \\li sup II (s) II dsdt 



< 



We now use the fact that all of the K'^ are essentially spatial rotations of each other 
to show that for each fixed {t — s): 
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where loq is, say, the angular sector in the direction of the axis in Fourier space. 
Thus, we have that: 

(Ad) / snp\\ ^Sl,u{t)h^dt 
<JJ \\K^"{t-s)\\Li sup\\Slau{s)\\L^dsdt . 

< II X"" lUi(Li) / sup II Iliads. 

< / sup II S'^^^iu{s) IIloc ds . 
J 

Similarly, for the estimate 14411 . we compute: 

(^^) / {T.\\isi,u{t)\\i^^ dt 

= J (T.\\K-^Sl,u{t)\\l^^ dt, 

< J {T.[J\\K'^(i--')\\Li\\St,u{s)U^ds^^ dt, 

^ J J {T.\\K''it-'-^)\\h\\Sl,ui.s)\\l^^ dsdt. 

<JJ sup\\K-{t-s)h^^(^\\Sl,u{s)\\l^^ dsdt. 

<\\K-«h^^L^) J (^\\Sl,u{s)\\l^^ ds. 

^ J (T.\\Sx,,ui.s)\\l^^ ds. 
This completes the proof of estimates (|43|I - (I46|I . □ 



4.2. Function spaces. Our next step will be to use the above multipliers to define 
dyadic versions of the function spaces we will Picard iterate in. We first define those 
dyadic norms which guarantee that the various Strichartz estimates of Theorems 
EIIESIESI and El hold. These are: 

(47) \\u\\P , =y di\\ Sx,du\\P , ("classical" H''^) 

>:p de2'- 

(48) ||M||y, = A-i|| □5au||li(l2) . (Duhamel) 

Because these function spaces give no weight to solutions to the homogeneous wave 
equation, we will always need to use them in concert with the fixed frequency energy 
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space 5a Grouping all of these together, we form our first main dyadic 

function space: 

(49) II uy,^ (4,1 + Yx) n Sx . 

We also define the corresponding norms with angular derivatives added as follows: 

(50) \\u\\Fn.. = \\{^)u\\f, ■ 
At times it will also be convenient for us to write: 

Ikll i = 11(^^)^*11 i , 

Ihlkn.A = ll(^^)«lln • 

A key property of the spaces -Fa and i^n,A is that their elements can be written 
as integrals over solutions to the homogeneous wave equation where the integra- 
tion involves only the temporal variable (see jjl] for details). This is sometimes 
referred to as foliation, or the trace method. Using this technique, the Strichartz 
estimates from Theorems 13. II IX^ 13.31 and 13. 41 can be transferred to the F spaces in 
a straightforward way, even though some of the estimates involve weighted angular 
derivatives. This is one of the main reasons why the use of Strichartz estimates 
which only involve the rotation vector fields is so crucial to the approach taken in 
this paper. Indeed, if the Strichartz estimates H29|l and 1)35(1 contained any of the 
other invariant vector fields from there would be no way to transfer them to 
the Fsi,A via usual temporal foliation. We now list the various foliated instances of 
estimates H28f) . (|29ll . (|34|l . and H35|l which will be used in this paper: 



(51) 


Siu ||l~(l2) 


< 


u\\fi , 


(52) 


II SlU ||L2(ioo) 


< 


1 "IIfi , 


(53) 


II '5'lli ||L2(i6) 


< 


1 "IIfi , 


(54) 


II 5l(rj)^U 11^2(^3+) 


< 


1 "IIFq,! , 


(55) 


II S\U ||Loo(i2) 


< 


1 "IIfa , 


(56) 


II SxU ||l2(L6) 


< 




(57) 


||5A(r2)^u||L2(L3+) 


< 




(58) 


ll(Ell^i"(*)ll'^(Q=))'lli? 

a 


< 


fJ-^^ \\u\\f, , 


(59) 


ii(Eii^i-(^)iiiW^ii^? 


< 





a 



An important property of the 1a spaces is that they are nearly contained in the 
^ spaces. More precisely, this is true at a fixed dyadic distance from the light 
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cone in Fourier space. To see this, note that by duahty and the estimate (|5T|l . we 
have the inclusions: 

Using the above embedding at fixed distance from the cone, and by dyadic sum- 
ming, shows that we have the following estimates: 



(60) 
(61) 



II Sx,dU ||l2(l2) < II u II 



II S. 



< 



It is well known, the norms (|47|l and H48|l are not strong enough to iterate wave 
equations which contain derivatives in their nonlinearities like This is due to 

the presence of a very specific Low x High frequency interaction in the term V0. 
What is needed to circumvent this problem is to add some extra L^{L°°) norms to 
the F spaces. This idea originally goes back to the work of Klainerman-Machedon 

and was later used to its full extent in Tataru ^3]. In our previous work 
we used a slight innovation on the norms in jl4j which allowed one to work in 
a scale invariant setting. Here it will be necessary for us to use somewhat more 
technical versions of those norms, in part because some of the estimates we need 
to prove here are essentially tri-lincar in nature. To define these norms for a given 
test function u at frequency A, wc first consider all ways that one may write: 



(62) u = V u' 



For each u", we consider a set of solid angles, {Oc,,d}, with the property that each 
T =^ \Ory d\- We then measure: 



(63) lh"IL{v.> = E l^".-^! / E ^'-ip ll^XXWIIi^l dt. 

In the above expression, the inclusion uj C 9a. d indicates that the solid angle w, 
when considered as a spherical cap of dimension x x (i.e. one has 

|a;| < \fi)^ contained in the spherical cap defined by 9a,d- It is important to 
note that the multipliers S'^ ^ and {\d)S^^ S'^ are bounded on the norm (|63|l . The 
proof of this is similar to the proofs of 1441) and l|46|) above. We record these facts as: 
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(64) 



/fe »pii4ss...wiiU'<'« s ^/(e »pii^«"<" 



dt 



(65) 



J2 s^P\\Sl,uit)\\lA dt < I [Y, supllS- ,PA«(i)||ioc 1 dt 



We now define the Zx norms to be the infimum over aU possible choices of the sum 
and the angle sets {9a,d}- 



(66) \\u\\z. = inf J inf ^ 



It is important to note here that in the vast majority of instances, we will only need 
to estimate for = u and \Oa,d\ ^ \/ j- That is, for the most part we will be 



dealing with the norm: 

(67) \\u\\z' ^TJtY f (y2\\Sl,u{t)\\l^] dt 




Notice that one has the inclusion Z'^ C Z\, so it is sufficient to be able to bound 
the right hand side of 1)6 7|) . The only instance where it is more convenient to work 
with the larger angles in the norm H66|l . is in estimate (|126|l below. See the com- 
ments in the proof of that estimate for more information as to why (|66|l is necessary. 

We will also need an analog of the Zx norm for situations where u cannot absorb 
an extra angular derivative. This is given by the following: 

(68) II u lU, , = J2 /sup II S^,^u {t) dt . 

d ^ 

The reason we have defined Zn,A separately instead of defining it as Zx is mainly for 
notational convenience, as it will give a uniform look to the statements of various 
estimates which follow. We now add the norms 1)661) and 1)68(1 together with the 
norm l)5U)l to form the fixed frequency version of the main function space which we 
will iterate in: 

(69) Gn^x = Fn,x n \\n\-^Zx n AZo,a , 

where A|ri|^^ZA is the space with the norm A^^|| |ri|u||2^, while \Zn,x has the 
norm A^^|| u ||zq ;^• The overall spaces we will use are the analogs of the Besov 
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space B^'^ and the Sobolcv spaces H'' when 1 < s: 

(70) \\u\\gi^ = ^ AlhllG... , 

A 

(71) ii-iil'^ = E ^'11 "Ilk.- 

A 

The space Gq will be the foundation of our iteration procedure, while the Fq space 
is axillary and will be used to show that solutions to Q retain any extra regularity 
inherent in the initial data. 



4.3. Scattering in the F spaces. As it turns out, our scattering result. Theo- 
rem 11.21 is contained for free in the structure of the F spaces in the sense that 
any element of those spaces can be approximated by a free wave (solution to the 
homogeneous wave equation) at temporal infinity. Using a straightforward approx- 
imation argument where one truncates the very high and very low frequencies, we 
can reduce things to proving scattering for functions truncated at a fixed dyadic 
frequency: 

Lemma 4.3 (Scattering in the space Fq^\). For any function u\ e Fq x, there 
exists a set of initial data (/^,<?J) G Px{Lf^) x XPx{L^) such that the following 
asymptotic holds: 

(72) ^lim II u,{t) W{f+,g+m ||^ina.(L?,) = , 

(73) ^ Hm^ II u,{t) Wif^,g^m llH^na.(L^) = • 



proof of Lemma \4-.'^ The proof depends on the fact that one may write: 

where u-^ is a solution to the homogeneous wave equation with L^^ data, u^^yj 

1/2 

are functions in ^ ^ whose Fourier transforms are also functions and are cut off 
in the upper (resp. lower) half plane (in Fourier space), and ityj^ ^ is in the space 
^si.A- For a discussion of this, see We now define the scattering data implicitly 
by the relations: 



WUt.gtm - u^^^^+ / \D^\-^^in{\D^\{t~s))UuY,,^As)ds , 

Jo 

W{f^,gim = u^^^^ + / \D,\-^sin{\D,\{t-s))UuY,,,Mds . 



oo 

Using the fact that Dmyq ^ has finite L^{Ll-^) norm, we are reduced to showing the 
limits: 

lim ||u+/2 {t)+u''^/^ (^) ll//„^na,fL2) = ■ 
This is a straightforward exercise in Plancherel's theorem and Dominated Con- 

1/2 

vergence for sequences of integrals. The key is to use the foliation of the ^ ^ 
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spaces alluded to above and the fact that all weighted derivatives involve the spatial 
variable only. We refer the interested reader to the work JI] for a full account. □ 



5. Some Preliminary Estimates of Sobolev Type 

In this section we provide some basic estimates of Sobolev type which will be 
needed in the sequel, as well as some inclusions which result from these for the 
function spaces we introduced in the last section. We begin with the basic local 
Sobolev estimate, also know as Bernstein's inequality: 

Lemma 5.1 (Local Sobolev estimates). Let u he a test function on M*, then one 
has the following frequency localized estimates: 

(74) IIS^AuIIlp < r;3(i-i)|j«||i. . 

For the convenience of the reader, we highlight here some specific instances of (|74|l . 
some of which have been rescaled, that will be used in the sequel. In all of the 
estimates below, the integration is taken over M^: 



(75) 


II PlU 1 




< 


d^ 


hi 




(76) 


II B'^ 
(^) 


iPfJ^U 1 

2 ^ 




< 


5 


di 




(77) 


II PiU 1 


L°° 


< 


di- 


-\\v 




(78) 


11^". 


1 Pf^U \ 
2 




< 


5 


-d^ 


~ II 


(79) 


11^". 


l^M^I 




< 


5 


-di 




(80) 


11^". 


^^M"l 


L°° 


< 




"I|l2 , 


(81) 


11^". 


l^M^I 




< 


5 




-Ikll.i. 


(82) 


11^". 


^iP,^ 


\W- 


< 


5 


d^ 


hi 1 3 , 


(83) 


II 




IIl^ 


< 




-di 


" II"IIl§+ 


(84) 




\\P^.n 




< 




u\ 


LI • 



It will be of crucial importance to us in the resolution of Theorem 11.11 to know 
that our solutions to (|ll|l are not concentrating on small angular regions in Fourier 
space. This control of the solutions we construct will allow us to use the improved 
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Strichartz estimates H29|l and (jSU- However, because we must test our solutions 
for angular regularity to gain this information, it will be necessary for us to deal 
with situations where we need to squeeze some extra savings out of a term that 
has no extra translation invariant derivatives to give and therefore cannot be put 
in any other space than L°°(_L^). In other words, situations where there is extra 
angular regularity present in the absence of dispersion. An example of this is a 
Low X High frequency interaction where the angular derivative falls on the low 
frequency term. In some sense, this is the major technical difBculty which needs 
to be overcome when applying the estimates (|29f) and (|35|l to nonlinear problems 
which contain derivatives in the nonlinearity. To deal with this problem, we shall 
employ the following Lemma which we state for arbitrary spatial dimension. This 
is essentially an uncertainty principle for how a function can be localized in the 
angular variable in Fourier space: 

Lemma 5.2 (Angular concentration estimates). Let 2 ^ n be a given integer. Then 
for any test function u on M", and any 2 ^ p < oo one has the following estimate: 

(85) sup||b,7u||lp < {nyu\\LP , 

UJ 

where s < 



proof of estimate H85|l. Upon rotation onto the positive ^ axis in Fourier space, the 
multiplier &!;^(^) satisfies the following differential bounds: 

Furthermore, for each fixed fixed £ [2^,2-'+^], one has that the support of 
6^(^i,^') lies in (perhaps some thickening of) the region ^' S [—2^+^, 2''"'"^] x . . . x 
[—2-'+^, 2^+^]. Therefore, for every permutation of the variables (^i,...,^„), one 
has the following integral bound: 

sup sup / l^ji ...%5^(^i,...,^fe;^fe+i,...,^„)| d^i...d^fc < 1, 

0<fc^ri Cfc+i,...,C„ Jv 

where V is any dyadic rectangle^ on W'. Therefore, by the Marcinkiewicz Multiplier 
Theorem (see for instance p. 109 of TO"), one has that for 2 ^ p < oo: 

\\b::;u\\lp < \\u\\lp . 

Therefore, by using the n~dimcnsional version of Proposition l2.2l it suffices to show 
the following estimate in L^: 

77 — 1 

\\b^u\\l. < unyuh^ , ' < ^ ■ 

By the Plancherel Theorem and the fact that commutes with the Fourier 

transform, this is equivalent to showing that: 

n — 1 



'That is, one generated by the usual dyadic partition of the coordinate axis. 
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This can now be accomplished via a simple use of Holders inequality followed by 
the n dimensional version of the angular Sobolev embedding Proposition H26|l as 
follows: For s < ^^^^ we compute that: 





< rj'^ I ||(17)^il(r)||i.(,„_.)r"-idr, 

2 

Ll2 • 







This ends the proof ijHS). □ 



We list here some specific incarnations of (|85f) which will appear in the sequel. 
These norms are taken over for the Lebesgue spaces, and R('*+^^ for the F spaces: 



1 

(86) snp\\ B^ .uUs^ < 

(87) sup \\B^ ^uU2 < f-V 11(1^)^1^2 , 

SUp||B" iu||_F^ < (-) \\u\\Fn.>, , 



We conclude this section by using the Lemmas l5.2H5.ll to show that the Z norms 
need only be recovered for those pieces of u e Fn^\ which are in the X space portion 
of things: 



Lemma 5.3 {Z norm recovery for functions in the Y spaces). On R'*+^ one has 
the following uniform inclusions: 

(89) Yx C AZ; , 

(90) Yn.x C AZo,A . 
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proof of the inclusions 1)89(1 and ()90(l . We'll start with the inclusion ((89|l . For a 
fixed d, we can use the special multiplier bound ((44|l to compute that: 



/ II ^A..^ Will-) 

^ / {T.\\^Sl,au{t)\\l^^ dt, 



We now use the local Sobolev estimate (|80|l and the multiplier boundedness Lemma 
l4.1l to conclude that: 



/ {T.\\Sl,Ou{t)\\l^^ dt, 

< Atdi J (j2\\si,Duit)\\l?j dt, 

< \idi J \\Sx^dauit)\\L2dt , 



< A3d4|j □S'au||li(l2) . 

Multiplying through by the factor {Xd)~^{d/X)^ summing the last line of the above 
estimate over d yields: 

ll^ll^i -T^i^y ll□^A^^IlL^(L^) , 

d ^ ^ 

< A||u||y, . 



To prove the inclusion H9U|) . we first use the special multiplier bound (|43|l . the 
local Sobolev estimate (|8U|I . and the concentration estimate (|87|) to compute that 
for fixed d one has: 



/ snp \\ Slau (t) \\ dt , 

<Ydj ™P II ^A,d°" W lU.- ' 



< 



< 



Sx.dU{n)u{t)\\Lidt . 
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Using the multiplier bound H4.1|l and summing over d now yields: 



d 

< X\\u\ 



□ 



6. Bilinear Decompositions for Small Angles 



In this section, we will list various bilinear decompositions for frequency localized 
products of the form: 

(91) Sf,{S),,u ■ 5a2w) . 

The discussion here will be in the same style as Section 8 of ^] , and we will leave 
some of the details to that paper. Our first task will be to decompose certain 
instances of the product (|91|l . where Ai ~ A2 and /i ^ Ai. This, of course, will be 
used in the High x High type frequency interactions in the sequel. Here we will 
pay special attention to the localized product: 

(92) Sf,,d{Sx, • Sx^,<^lnin{d,c^l}V) , 

where c <C 1 is some small constant which we shall fixed in the proof. The most 
important feature of (|92|l is that the two terms in the product are restricted to be 
closer to the light-cone in Fourier space than their output. By a simple computa- 
tion of the convolution variables, this in turn implies that the angle of interaction 
between these two terms is restricted to within O(^) of the angle of the output (in 
Fourier space of course). To see this, notice that all we are talking about here is a 
matter of the support of the cutoff function associated with the various multipliers 
in (|92() . Therefore, it suffices to study the convolution: 

(93) Sf^^d{sx^,<^min{d,cti} * S x^,<^rnin{d,cfi}) j 

Because of the restrictions involved, we can assume without loss of generality that 
the two terms in the convolution H93|) are supported in the lower resp. upper half 
plane. Then for any (r,^ G supp{s~^^^^^^^^^^^} and (r',^') e supp{s+^^^^^_^^^ ^^^} 
we have that: 



Oid) 



\r + r'\ l^ + ^'l 



\\i\-\e\ + oid)\ le + e'i 

Oid) + IICI-IC'II - + 

Therefore we are able to conclude that: 

Ae^,_^, < I liei-ie'll - le + e'l I = o{d) , 

showing that we in fact have |8^,_^'| < However, this extra precision will not 

concern us here, and it will suffice to know that |8^^_j'| < y^. It will also be 
important for us to know that the angle between ^ + and ±^ does not exceed 
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0{^jj^). This information will be used to decompose products of the form by 
only localizing one of the factors in Fourier space. This will be crucial to us in the 
proof of estimate H114|) below, where the use of eccentric multipliers in conjunc- 
tion with the coarse scale decomposition of physical space needed for Proposition 
13.41 will not be possible due to the uncertainty principle. To obtain this type of 
decomposition, we compute: 



0{d) 



\r'\ - in 

\{r+T')-T\ \{i+a-i\ 

|±IC + e'|-iei + o(d)| - + 

o{d) + |±ie+e'i-icii - 



o{d) +o{pe^ 



Therefore we must have that O(/i0|_|^^/ _|_^) 



0(d), or 6^+^', ±4 



The other piece of information we will need to know here is that the restricted 
convolution (|93|l is supported in the region where |t + t'| < |^ + ^'|. This will 
be used to deconstruct the s^,(j multiplier that appears there into a sum over the 
angular pieces s'^ ^, each of which is supported in that region. We calculate: 



= liei-ie'i 
< liei-ic'i 



+ 0(min{c/i, d})\ , 
+ 0(niin{c/i, d}) , 
0{mm{cfj,, d}) . 



A quick look at the support of s^,d shows that if one had |^ + ^ |t — r'|, one 
must have + ^ M ^nd |t + t'| ~ fi. But, by the last line above this would imply 
that |t + r'l < 0(min{c/i, d}). Thus, as long as c is chosen to be sufficiently small, 
we would have |t + t'| ^ /i, a contradiction. Therefore, throughout this paper, we 
will assume that c has been chosen so small as to guarantee |t + t'| < |^ + for 
convolutions of the type (|^ . 



What the above calculations taken together show, is that one may replace the 
cutoff Sfj,,d in the restriction H93() with a sum over the cutoffs ^, and for each 
term in this sum one has that the two factors in the convolution are supported on 

antipodal blocks which differ by an angle at most 0{^J^). Furthermore, the sum 
over Lo is essentially diagonal with respect to these antipodal block pairs in that 
there is only one (essentially) pair of antipodal blocks for each oj. The following 
diagram is useful for visualizing this: 

We note here that by using the same computations as above, one can provide 
similar decompositions for expressions of the form S'^.»^(j('S'A,»^dU ■ VS'A,dw) and 
Sfj..»^d{S\,dU ■ y Sx,»<dv), where d is in the range d < cfi with c ^ 1 the fixed small 
number defined above. We recored all of these decompositions in the following: 



26 



JACOB STERBENZ 



Figure 1 . Spatial supports of multipliers in an angular decomposition. 
Lemma 6.1 {High x High angular decomposition). For the expression: 

• ^ min{ d, c/Lt} ^ 

one has the following angular decomposition: 

^/i,d(*A,«^min{d,c/i} * *A,«^min{d,c/n}) ' 

= s'^^ ( S~ * b'^^ S~^ I 

/ J lJ^,d I A,«^min{(i,c;:i} (^)h ■^)*^rnin{(i,c;:i} J ' 

OJijOJa : ^ ^^^^ / 

ki=Fa;3|-(^)5 



E OJl ± / TW2 - „ 



A,«^inin{d,cju} 



Wl,W2,W3 

|w2+a;3|-(^)^ 



for the, convolution of the associated cutoff functions in Fourier space. There is a 
similar decom,position for the terms S'^,»^(i(5'A,»^d'u • '^S\^dv) and 
Sfj.,,^d{S\,dU ■ V5A,.«jt^), where d is in the range d < c/j. and c <^ 1 is the small 
number fixed above. 

Because the sum on the right hand side of the expression in the above lemma is 
essentially diagonal, we shall save notation in the sequel by abusively writing: 



(95) = '^S^^(^B-^^,Sx,,^niin{d,c^,}U-'^B'^^^iSx,,^rnin^^^^ 
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We shall also use this shorthand for the same decomposition applied to the terms 
Sfj.,,(^diSx,,<^dU ■ VSx,dv) and S'^,,<jd(<S'A,d • VSx^,<dv). 

Next, we move on to several decompositions which are dual to Lemma (|6.1|l . 
These take place in the presence of a Low x High frequency interaction. The first 
such decomposition will be used when the low frequency term controls the angles. 
The validity of this decomposition follows from essentially the same calculations as 
used for H94fl and H95|) above. For a proof, see ^Tj. We record it here as: 

Lemma 6.2 (Low x High wide angle decomposition). For the expression: 
One has the following angular decomposition: 

g+ fs± ^ g+ ) 

A,»<min{c/j,d} ^ ^J,,d A,»<inin{c/i,d}'' 

-^i»<min{c/j,(i} I fJ-.d -^■•<min{c^,(i} 

\'^l-'^3\~{^)i 



for the convolution of the associated cutoff functions in Fourier space. There is a 

similar decomposition for the terms Sx,»s^diS^^t!^duV Sx^dv) and 

Sx,d{Sfj.^,^d'u'^ Sx,»<dv) "in the range d < c/x, where c 1 is a fixed small number. 

We will also need a decomposition similar to that of Lemma [6.21 for the case where 
the high frequency term controls the angle. Again, for a proof see This is: 

Lemma 6.3 (Low x High small angle decomposition). For the expression: 

Sx,diSf^,»iidu'V Sx.,,<dv) , 
one has the following angular restriction: 



^X,d V^fi,»^d * ■^X,»<d) ^ *A,(i V*p,.^£i * '^A,. 



<d 



for the convolution of the associated cutoff functions in Fourier space. Here the 
angles are restricted to the range \uji — i^a] ^ y j , and \lui — ±0^2] 



Finally we record here the thickened version of Lemma 16.31 
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Lemma 6.4 (Thickened Low x High small angle decomposition). For the expres- 
sion: 

one has the following angular restriction: 

( cX> ' 

for the convolution of the associated cutoff functions in Fourier space. Here the 
angles are restricted to the range \uji — c^sj ^ ■ 

As we have done above, in the sequel we shall write the decompositions in Lemmas 
I6.2H6.4I using the following shorthand: 



(96) 



|wiTW2|~(^)' 



(98) _ 



It is important to note that the sum on the right hand side of H97|l above is not 
diagonal in the two angles uji and uj2- This is one of the main reasons why we need 
to employ the extra flexibility in the norms (jHEJ- Also, while the sum on the right 
hand side of (|98(l is essentially diagonal for a fixed small c ^ 1, we have elected 
to keep the more precise form because we will need to pick a c based on the other 
implicit constants which appear in various decompositions in the proof. 



7. Frequency Decomposition of the Nonlinearity 

The remainder of the paper is devoted to the proof of Thcorcm ll.il This will be 
done through Picard iterating the integral equation: 

(99) = Wif,g) + a-\^V^) , 
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in the spaces Gq and F^'^ n G}^ for 1 < s. Due to the quadratic nature of the 
nonlincarity, it suffices to prove the foUowing: 

Theorem 7.1 (Sohition of the division problem) . Forn = 4, the Fq and Gq spaces 
solve the division problem for the system ^ in the sense that one has the following 
bilinear estimates for functions u and v: 

(100) \\n-\u\/v)\\ai^ < II^IIg^JMIgJ, , 

(101) \\a-\uVv)\\ps.. < \\u\\aijv\\p^.2 + \\uy..2\\v\\a^^ . 

In what follows, we shall concentrate solely on the estimate HlOOfl . The other, 
estimate (|101|l , will follow directly from the dyadic estimates employed in the proof 

of rmnii . 

Our first step is the usual Littlewood-Paley decomposition of the nonlinear term 
0~^[u'S/v) with respect to space-time frequencies: 

(102) a^\uVv) = '^a-\Sx,u\7Sx^v) . 

A; 

We now split the sum on the right hand side of H102(l into the three cases: Ai ^ A2, 
Ai <C A2, and A2 ^ Ai. In the sequel, we only concentrate on the first two inter- 
actions, the last case being similar to the second through some standard "weight 
trading" . Taking into account the £^ Besov structure of the Gq space, to prove 
1)100(1 . it suffices to show the following two bilinear estimates: 

(103) 

fi : /j.<maa;{ Ai , A2 } 

(104) \\D-\S,u\/Sxv)\\Gn^, < MlMlcaJIHlFn,. ,M«A. 



Due to the fact that both of the above estimates are scale invariant, it suffices to 
prove them for Ai = A2 = 1, and /i = 1 respectively. In the next two subsections, 
we shall break these estimates down further into a series of cases involving the var- 
ious function spaces that make up the Gn,\ and Fq^x spaces. These estimates will 
be placed in highlighted format for the convenience of the reader. Each individual 
estimate will then be proved separately in the remaining two sections of the paper. 



7.1. High x High regime: List of dyadic estimates corresponding to ()l()3(l . 

In what follows, we will not explicitly take angular derivatives of any of the expres- 
sions we are to estimate. Instead, we will prove bilinear estimates where at most 
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one term in the product® on the right hand side contains a norm involving angular 
derivatives. Thus, using the Leibniz rule, one can safely add an angular derivative 
to all estimates that follow below to get estimate (|103|) above. 

We begin by further decomposing the expression Sfj,D^^{Siu'VSiv), /i ^ 1. 
Using the (approximate) idempotence of S*^, we first compute that: 

Sf,a-\SiuWSiv) = a-^Sf,{SiuWSiv) + Sf,[Sf„a-^]{SiuWSiv) . 

To compute the commutator term, let H,<i be a function with space-time frequency 
< 1. Then we have that: 

S^[S^,a-^]H,<, = S^E ^ H,<, - S^W {E ^ H,<i) 

- S^E * S^H,<^ + S^,W {E * S^H,<^) , 

= - ^ S^W{E*S^H,<^)+S^W{E*S^H,<^) , 

a : 

= - ^ S^W{E*S,H,<,) , 

a : 
a : 

Therefore, we have that: 
(105) 

a : /j.<cr<l 

To handle the second term on hne pU5|) it is enough to prove the estimate: 



(106) 



E 



Pti.S„^c, ^{Siu\J Siv)\ ||l~(l2) 



< 



\u\\fA\v\ 



Next, we move on to the first term on the right hand side of p05|l above. For 
this we fix a small c ^ 1 as explained in Section |^ and write: 

(107) S^{SiuV Siv) = Si_XSiuVSi^cti^,v) + S'^(S'i,c^^,u VS'i,,<c^u) 

+ S'^(S'i^,<c^u VS'i,,<c^w) . 

In all that follows here, we will only estimate the terms of (|107|l in the X and 
Y spaces defined on lines (|47|l and (|48|l respectively. The addition of the L°°{L^) 

®With the exception of estimate 11151 below wliich involves angular derivatives of botli terms 
in the product. Notice that this is acceptable because the norm I68i does not involve any angular 
derivatives. 
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estimate, included on line ()49|1 . follows from estimates on these first two norms in a 
standard way. See ^I] for details. To control the fist two terms on the right hand 
side of H1U7|I . we will prove that: 



(108) \\S^.{SiuVSi,c^,^,v)\\L^iL^) < \\u\\fA\v\\f, , 

(109) ^ II ^^(Si^cM^.M V5'i,,<c;,w) < II M IIfiII W lli^i ■ 



It remains to estimate the terms □~^5'^(5'i^,<c^u VS'i_,<c^u). To do this we 
decompose these expressions with respect to all possible dyadic distances from the 
light cone in Fourier space. We group this sum together as follows: 

5'/i(<S'i,.<c/iU VS'i,.<c^i;) = ^ S^^diSi^SiuVSi^s^v) , 

d,Si,52 ■■ 
i5i<c/j 

d : d<c^ 

(110) + X! 'S'/i,»^<i(5'i,dU VS'i,.<dw) 

d : d<c^ 

• <min{d ,cfi} U VS'i_,<„un{d,c/i}w) • 

d 

For the first term on the right hand side of UllOjl . we will prove the two estimates: 



(111) X! II X! S^,^,^d{Sl,,^duWSi^dv)\\L^L^) < II ■"IIfs,,iI| w||i=^i , 

d : d<cfj, 

(112) Y II Y S^,^,^d{Si,,^duWSi^dv)\\LHL^) < II "IIfiII w||Ff,,i ■ 

/J d : d<cp. 



Notice that the proof of estimate (|103|l for the second term in line piU|) follows 
from the proof of Hlll(l - (|112|l and some weight trading. It remains to deal with 
the last term of line UllOfl . In this case we'll need to rely on the based norms. 
Using some weight trading, this can be reduced to the single estimate: 
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(113) 

lJ.,d 



Because of the limitations of the based spaces (i.e. that they do not have 
an analog of (|89|I - H90|) '). we also need to recover the Z norms by hand for this fre- 
quency interaction. It suffices to be able to bound the norms H67|l and H68|l . Using 
the multiplier boundedness lemma H4.2(l and some weight trading where necessary, 
this reduces to showing the two estimates: 



(114) 



^ II "llFn.ill ^^IIfi , 



(115) 

E SUpll S');^_^(S'l,,<min{d,c^}wVS'i^,<i„in{rf,CM}^)(^) lk~ 

^ II "IIfo.iII ^^IIfo,! 



fi,d 



7.2. Low X High regime: List of dyadic estimates corresponding to Ij 104(1 . 

Here we follow the same procedure as in the previous section, proving bilinear es- 
timates where one term in the product can safely absorb an angular derivative. Of 
course there is an exception for estimates (|12U|I and (|128|l below, which do not need 
to absorb any angular derivatives. 

Our first order of business here is to note that, due to the fact 1 <C A, one has 
the identity: 

SxD-^{SiuVSxv) = Sxa-^Sx{SiuVSxv) . 

Because of this, we can avoid proving an extra estimate of the form ((l()6|l here. We 
now use a rough decomposition to isolate things so they are sufficiently close to the 
light cone in Fourier space. For this purpose we fix a small c ^ 1 as described in 
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Section and write: 

(116) Sx{SiuVSxv) = S'a(5im VS'a,c^.w) + Sx,c^, (SiuVS^^.^cv) 

+ Sx.,<c{SluWSx,,<cV) ■ 



Notice that this decomposition is dual to that of (|107|l . Again, as we mentioned in 
the previous subsection, we wiU only concern ourselves with estimating the X and 
Y space portion of the norm 1)49(1 . as the L°°{L^) type estimate follows once we 
have done this. In order to estimate of the first two terms on the right hand 
side of H116|) in the Fn^\ spaces, it is enough to prove the following two estimates: 



(117) \\Sx{Siu\/Sx.,^,v)\\L,(^Ln < \\u\\f,- X\\v\\f, 

(118) J2 \\Sx,diSiuVSx.,<cv)\\mL^) < \\u\\f^- \\\v\\f, 

c<d 



We also need to recover the norms ((67(1 and ((68(1 by hand for the second term 
on the right hand side of pi6(l . To do this we will show that: 



(119) 

E / (j2\\^tdiSiuVSx,,<cvm\\lA dt <\\u\\f,-X\\v\\ 

(120) T^Ydj ^M\stASiuvSx,,<cvm\\F^dt < \\u\\f, - a \\v\\ 



A ' 



c<d 
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At this point, we are in a position to deal with the last term on the right hand 
side of H116() . We further decompose this in a manner dual to 

S'a,.<c (5'iMV5'A,,<ct^) = ^ Sx,diSi^SiuVSx,S2v) , 

d.Si,S2 ■■ 
d<c 

S2<C 

= Sx,,^d{Si^,^dU '^Sx,dv) 

d<c 

(121) + Sx,d{Si^,^dU V5'A,.<df ) 

d<c 

{Si^duV Sx,,<min{d.,c}v) ■ 

d 

To deal with the first term on the right hand side of (|12HI . we'll prove the two 
separate estimates: 



(122) S'A,,^d(S'i,,^dwV5A,dw) ||l1(l2) < A||u||Fn,;,, 
d<c 

(123) Sx^,i:d{Si,,i:duWSxMv)\\L^L'^) ^ 1^11^2,1 ' A||w||_f^, 

d<c 



To show the second term on the right hand side of H121(l is in the Fn,x spaces, 
we prove the pair of estimates: 



(124) ^ d 2 \\ Sx,diSi,*^duVSx,,<dv)\\L^L^) < II « l|i=^s-!,A : 

d<c 

(125) ^ II S'A,<j(5'i,.^dU V5A,.<dw) ||l2(l2) < || u ||_Fs-,,i • A||u||_f^ , 



d<c 



Next, we will need to recover the special L-^{L°°) norms for the second term 
on the right hand side of (|121|l . Our first estimate will used for controlling the 
expression ()121|l when the low frequency term in the product need to absorb an 
angular derivative. This is where we will need to use the more complicated version, 
of the Z norms. Here, the in the sum H(i2|l will come from the terms in the 
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following sum: 

Due to the Besov structure in the G space, we only need to deal with a single term 
of this. By rescaling, as we have done throughout this section, we may assume that 
fi = 1. For this fixed piece, we shall use the angle set where \9d\ — c?^. Therefore, 
it will suffice to prove: 



(126) 



a 



V sup II 5'^..<min{rf.c}('S'l.dU V5A,.<min{d,c}w)(t) III; 



dt 



I 



< 



\\u\\F^ ■ A II U II 



When estimating the second term of the expression (|121|l where an angular de- 
rivative falls on the high frequency term in the product, we shall use the simpler 
norm l|67|l . Finally, we need to recover the norm 1)68(1 . Therefore, we shall prove 
the following two estimates: 



(127) 



X! ^3^1 II 'S'A,.<min{d,c}('S'l,dW VS'A,.<min{dx}w)(i) 



dt 



S \\u\\Fn.i ■ A ||t;||F;, , 



(128) 

^ ^ / ™^ II 'S'A,.<mm{d,c}('5'l,dWVS'A,.<min{rf,c}^^)(<) IIl~ 
d 

^ \\u\\Fn.i ■ A \\v\\Fa.x , 



It remains to deal with the last term on the right hand side of H121|) . For this 
we'll prove the following two estimates involving the Zi and Z^^i spaces: 
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(129) 

II 'S'A,,<min{d,c}(S'l^<iW VS'A,,<min{(i,c}l^) llLi(i^) ^ ll^ll^l' II ^ II Fq^a , 
d 

(130) 

II ^ 'S'A,.<min{ci,c}('S'l,dU V5'A,,<inin{d,c}'f^) IUi(L2) < ||M||zn.i' ^II^^I^A- 
d 



8. Inductive Estimates I. High x High Frequency Interactions 

We now begin the proof of the boxed estimates in section ITTI To streamhne the 
process, we will list out the individual steps in the proofs all in a row with very 
little text explanations in between. At the beginning of each block of estimates, 
we list in order of use the various Sobolev, Strichartz, and multiplier boundedness 
estimates that are used in the lines that follow. It would have been more conve- 
nient to include these references on the lines where they are used, but there does 
not seem to be enough room in the typesetting to allow this. 

proof of estimate Hl()6|l . For a fixed cr and /i we use the multiplier boundedness 
Lemma im the localized Sobolev estimate ()84(l . Holders inequality, and the energy 
estimate (|^ to compute that: 

II S'ct^ct 4 ^)j('5'iu V5ii;) ||ioo(i2) , 

< a--' \\P^{SiuVSiv)\\l^(l-) . 

^ (ct) " IU°°(Li) ) 

< \\Siu\\L^(L2y\\VSiv\\L-^(L'^), 

^ (~) II ^11^1 ■ II "11^1 ■ 

Multiplying this last expression by /i and then summing yields: 

(L.H.s.)cnii < E ^ E (^)' ii^ii^^.-mif, , 

< II w||fi • \\v\\f^ . 

□ 

proof of estimates (|108|I - H109|I . Due to the boundedness of the multipher S'i_,<cp 
on the F spaces, and the ability to trade the V weight between either term of the 
product, it suffices to prove the first estimate (|108|l . We begin by noting that: 

(L.H.S.)CnHI) < E \\P'rS^{SiuVSi,ct.^,v)\\Li^L-) . 
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We now fix both a and /i for the moment and use the local Sobolev estimate 
(I82|l . Holders inequality, the Strichartz estimate 123), and the estimate ()61|l to 
compute that: 



< 0-3 II SluV Si,c^,^,v 



~ C-5crS (^^^ ||u||fi • \\v\\f, ■ 

This last expression can now be summed over a and /i to yield; 

(L.H.sooni < E E ikii^^.-MiF, , 

cr<l O-^M 

< c"^ ||w||fi • II^'IIj^i ■ 
For a fixed small c, this yields the desired result. □ 



proof of estimate Ulllj) . We begin by fixing both ^ and d. Next, we use in order 
the angular decomposition H95|l , the multiplier Lemma 14.11 and orthogonality, the 
local Sobolev estimate (jHSJ, the angular concentration estimate H86|l . and finally 
the Strichartz estimate (|54|) as well as the estimate (|60f) to compute that: 

j II Sf_,^,^d{Si^,^duV Si^dv){t) Wli dt , 

/ II E^M;<<i(Va^i.-^'^"^^r.,^'5i>'^^)wiii^^* ' 
^ / (ii\\B^^:^kP.(B-:^^^^^^^ dt, 

< A^t-d^- / (Ell(S:"i^i..^<i"VB; ,5M«)(t)||%J dt, 

< l^'^-di- |sup\\B-^^,S^^,^duit)\\^s+■\^\\VB^^^,S^ dt 



< 



< 



^T2-d4- J \\Sl,,^d{^)-^u{t)\\^S+ ■\\VSl,dV{t)\\L2dt , 
II 'S'l,,^d(fi)5u 11^2(^3+) • d5 II VS'l^dU 11^2(^2) , 



^ A*^ l-l l|U|lFn,i • ll^'llFi 
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This last expression can now be safely summed over both /j, and d to yield: 

1 _ 

(L.H.socm < E ^^"f-V \\^\\F.-\\v\\Fn.. , 

1 , d<cfj, 
< \\u\\Fn..-\\v\\F,. 



□ 



proof of estimate pi2|) . We begin by fixing both /i and d, we use in order the 
angular decomposition (|95() . the multiplier Lemma l4.1l and orthogonality, the local 
Sobolev estimate (I82II . the angular concentration estimate H87(l . and finally the 
Strichartz estimate (I53|l as well as the estimate (16011 to compute that: 

J II S'^,.s:d(5'i,,<jd'" VS'i,dw)(<) ||l2 , 

/ (Eii^y)i^-(^(T)^^i--^''"^^rf^)^^M-)wii's^ 
f,^di y'(^Eii(V)i^i^-^''"^^ri^)^^M«)wip|) rfi, 

< /lAdJ f ly2\\B-;;',Si.,^du{t)\\le] -snpWWB^ ,S,,dv{t)U2dt , 

< j {^\\B-:^-^s^,'^dumi^j ■\\vs^,d{n)vmLidt , 

^ ^^{f)' (EII V)1^1.*^'^"II'^(L«)) • d^l|V5M(^2)«||L=(L=) , 



< 



< 



This last expression can now be safely summed over both /i and d to yield: 



(L.H.S.)CI3 < E (-)'ll"lli=^i-Mli=^.,i , 

li4 : ^^^^ 

/i< 1 , d<cfi 



< 



\\u\\F^ ■ \\v\\Fn,i ■ 



□ 



proof of estimate . We begin by fixing both ^ and d, we use in order the 
angular decomposition and orthogonality, the local Sobolev estimate (IS^ . the 
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Strichartz estimates H53(l and (|51|l . and finally the angular concentration estimate 
(|88|l to compute that: 

II S'p,d(5'l,,<min{d,CM}'"^'S'l,.<min{d,c/i}^') 11^2(^2) , 

< ^T2di SUpll S'i,,<„iin{d,CM}"IU2(L6) 

UJ (tt) 2 



X] II ^-S^d)^'S'l,.<min{d,c/.}W lli~(L2) 1 , 



< M^d^ sup||i?J,u||^,.(^5:i|VS-^^.HII.j , 

< ^I^-TSdi ||w||Fn,i • ||w||Fi . 

Multiplying this last expression through by d^^ and summing over d and /i yields: 

(L.H.S.)ra < E \\^\\Fa.-\\v\\F, 
fi,d : 



^ ll"l|i=^s.,i • ll«l|i=^l 



□ 



proof of estimate pi4|l . This estimate is truly bilinear in nature, essentially due to 
the failure of the L'^{L^) endpoint version of H29|) . Therefore we must proceed in 
a more detailed fashion than the rest of the estimates in this section. For a fixed 
/i and d, we use the partial angular decomposition (|94|l in conjunction with the 
special multiplier bound H4()l) . and the local Sobolev estimate (I79II to compute that: 

(131) / (^Ell^M.<i(^i, V5i^,<i„i„{d,cM}«)(0 lli~ j ^.t : 

'di^ y f Ell ('S'l,.<min{<ixA<}^VB|^_^^i S'i,,<min{rf,c^}w)(i) 11^2+ j dt . 



We now need to incorporate the "improved" Strichartz estimate ()59|l . To do this, 
we begin by fixing t and use the dual-scale Sobolev estimate from along with 
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Holders inequality to compute that: 



II iSl,,<min{d,cti}'U''^B'^ iSi,,^jnin{d,cti}v){t) || 1,2+ 



2+ 



< 



,2+ 



II 'S'l,.<inin{(i,CM}^ (0 IIl^(Q„) 



XI II ^^l^d )i '5'l,.<min{d,CM}W W II 



6 



We now square sum this last expression with respect to u and integrate with respect 
to time, followed by a use of Holders inequality and the Strichartz estimates ijS^ 
and H58|) to compute that: 



< 



(L.H.SOdlSIIl , 

^^^'^^^ y" I XI II '5'l,.<min{rf,CM}" W llit(Q„ 



/ 



X X II "^^^d a '5'l,.<min{<i,CM}^^ W lli2(Q„ 



< 



< 



< 



^ 1 C(4 I 



4 



X II '5'l,.<inin{d,CAJ}" (*) IIl^(Q„ 



E II |Eii^^Mi^'^i'-<"'"{^>^'^>^(*)ii 



6 



ii-iif„, (Eii5^^)i-iiK 



u\\Fn,i\\v\\F^ 



Multiplying this last expression by /i 2 and summing yields: 



(L.H.soim < 



f,2 - 



< 



II w||Fn,ill ^^IIfi 



□ 
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proof of estimates (|115|l . We begin by fixing both /i and d, and using the angular 
decomposition (|95|l in conjunction with the special multiplier bound (|45|l . the local 
Sobolev estimate (|81ll . the angular concentration estimate (|85|l . and finally the 
Strichartz estimate (|57|l to compute that: 

/ sup II 5'^,d(S'i_,<ini„{d,c^}U VS'i_,<miii{d,c^}f)(t) dt , 

< / sup II B'f iPf,{B^^ ,Si^,<^in{d,ct.}U'^B'^ iSi,,<_^in{d.ct,}v){t^ ||l = 
J id (->'' KjJ^ \-' 

< fj^d^^ Snp\\ {B^^iSi^,^rnin{d,cf,}uVB'^^ iSi^,<^-^in{d,ct,}v){t)\\ 3+dt, 

< / sup (11 s'i,,<min{rf,cM}w(*) 

■ II VB|^^^ 1 S'i,,<min{dx^}W (i) II Ll+) ' 

< ^ii^d^-^ J W Si^,<:min{d,ct,}{^)^u{t)\\^3+ ■ II VS'i^,<,ni„{dxA<}(^^>'^' (i) IIl^+ ' 

< ^e-d"^- II S'i^,<,nin{<ix^}(^^)^W ||L2(i3+) • II VS'i^,<min{ci,c/i}(^^)^W ||L2(i3+) , 

< ^li-di- \\u\\Fn,i ■ \\v\\Fn.i ■ 

Multiplying this last expression through by and summing, we get that: 

i_ 

(L.H.soina < ^'^''(-y h'\\Fa.-\\v\\F.,, , 

1 , d^fj, 

^ l|w||Fn,i • l|w||Fn,i • 

□ 



9. Inductive Estimates II. Low x High Frequency Interactions 

proof of estimate H117() . The proof of this estimate follows directly from the bound- 
edness of the S\ multiplier, Holders inequality, and the Strichartz estimate ()52|l as 
well as the estimate (|^ : 

II S'a(5'iu VS'a,c^.w) ||li(l2) , 

< c-5 ||u||f, • A IIwIIf;, . 
For a fixed small c, this yields the desired result. □ 
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proof of estimate H118(l . The proof here is a simple matter of Holders inequality 
and the Strichartz estimates H52(l and (|55|l : 

^ \\ SxAiSluVSx^,<cV)\\L^L^) , 

^ ^ W Siu • II V5a,,<cW ||l~(l2) , 

< J2 \\u\\f,- a II^IIf;, , 

c^d 

< ln(c) II u||i., • A II uIIf;, . 

For a fixed small c, this yields the desired result. □ 



proof of estimate H119(l . For a fixed d we use the decomposition (I98|l in conjunction 
with the multiplier bound (|46|l . Holders inequality, the local Sobolev estimate ()76|l. 
and the Strichartz estimates H52|) and (|56|l to prove that: 



/ (Ell^A,d(^l^V^A,.<c«)(i)||i^=oj dt 



< 



< 



< 



C 4 



/ E I|5r;,(5i7.vi?^_^ ,5a,.<c«)WI 

J II (5iuVi3^_^^, 5A,.<ct')W lli^^ dt , 
/ l|5iu(t)|U^». (^||Vi?-_^^.5A,.<.«)W||i^J 



dt 



< c-iA«d^ Ihll^^,- A (Ell^r-i.i"II^O ' 



< 



c -^Ai2d4 II M 11^^ . A II V I 



Multiplying the last line above by the quantity A 2 2 ^ using the fact that f ^ A, 
and summing over d yields: 

(L.H.SOimi) < E c^^^^^'^d-^ I|w||fi- Allwlli.^, 

c^d 

< c-iln(c) llt^llf, • A \\v\\^, . 
For a fixed small c, this yields the desired result. □ 



GLOBAL REGULARITY FOR (4 + 1) NLW 43 

proof of estimate l|12()(l . For a fixed d we use in order the decomposition H98|) , the 
multipHer bound (|45|l . the local Sobolev estimate 1)78(1 . the angular concentration 
estimate ()86|l . and the Strichartz estimates (|52ll and (|57|l to compute that: 



/ sup II Sx,diSiuVSx^,<cv){t) IIl- dt , 

< [ sup \\S-^^,{S^uVB^l,Sx,,<,v){t)U^dt, 

l'^i-'^2|-'(^)i 

< / sup II {SiuS/B';'^ iSx.,<cv){t) dt , 

< I \\S,u{t)U^- snvW^B'^ ^Sx.,<cv{t)\\L^dt, 

< c'^--2)+\i-d^- [ \\Siu{t)\\L^ ■ snvWVB'; ,Sx,,<cvit)\\^.+ dt , 

< c(-3)+AA-df- [ \\Siu{t)\\L^ ■\\V{n)^Sx^,<cv{t)\\^3+dt , 



< c(-i)+Ai+rfi- ||u||j., -A IIHlFn,. . 



Multiplying this last line through by (Ad) ^ and summing, while using the fact 
that 1 <C A yields: 



(L.H.S.)(inni) < c(-7)+A(-3)+d-(3+) ||u||fi • A ||w||f„,, , 
< c-i ||u||f,.A||«||f,_, . 



For a fixed c, this yields the desired result. □ 



proof of estimate p22|) . For a fixed d, we use the angular decomposition (|96|l . 
Holders inequality, the local Sobolev estimate H75|l and the concentration estimate 
(|57jl . and finally the Strichartz estimate and the estimate to compute 
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that: 



/ (E II B'^^PxiSf^^d^ ■ VB-^S,^dvm dt , 

< J {j2\\st:^d^{t)\\i?j ■\\vs,A^)v{t)u.dt, 

< ll^i%"^rf"llW«)) • rfMlV5A,d(f^)«|U^(L^) , 

< d3 ||m||fi • A \\v\\Fa,>. ■ 

This last expression can now be safely summed over d to yield: 

(L.H.S.)ra < E '^^ ll^ll^i ■ ^ ll^ll^^a^ ' 



< \\u\\f, ■ A \\v\\Fa.>. 



□ 



proof of estimate p23() . Here, for a fixed d, we use in order the angular decompo- 
sition (|96l) . Holders inequality, the local Sobolev estimate (|77|l . the concentration 
estimate (jHEJ, and the Strichartz estimate as well as the estimate to 
compute that: 



Sx,,(^d{Si,,:^dU ■ \'Sx^dv){t) \\l2 
/ (E II B'^di^^iSt^^d^ ■ VB'^^^S,,dvm dt , 

< J sup II S^-^,u (t) lu^ • (^X^ II yB-^Sx^dV (t) dt , 

< /"sup||5±:^^^M(i)||i3+ • II V^A.dwWIU^c^i , 

J to ^ 

< dt- y" ||5i,.^rf(l])5u(t)||^3+ • II V^A.df WlU^dt , 

< 11 51^,^^(17) 5U 11^2(^3+) • II V^A^dW 11^2(^2) , 



< 



\\u\\Fa,i ■ A II wIIf;, 
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This last expression can now be safely summed over d to yield 

d<l 



□ 



proof of estimate p24|) . The proof here uses essentially the same steps as (|122f) 
above. We begin by fixing d and use the angular decomposition (|96|l . Holders 
inequality and the local Sobolev estimate H75I) . the Strichartz estimates ()53|l and 
l|55|l . and the concentration estimate (|88|1 to compute that: 

II Sx,diSi^,^dU ■ VSx,,<dv) ||l2(l2) , 

(Ell^M^<;'^ll'=(i^))' ■ supl|VB^^wHU~(L^) , 

1 

(Ell^Ii^llF,)' • A sup||i?^HlF. , 

IhllFi • A llwlli^n,;, . 

We can now multiply this last expression by d~i and sum to yield: 
(L.H.S.)ra < 5] dMl^llF, • A IIHIfn,. , 

d^l 

< \\u\\f,- a MIf.,. . 

□ 



< 



< 



< 



< 



d-^ 
dl 



proof of estimate p25|) . The proof here uses essentially the same steps as (|123f) 
above. For fixed d we use in order the angular decomposition Holders in- 

equality and the local Sobolev estimate H77() . the concentration estimate (I86II . and 
the Strichartz estimates (|54ll and (|55|l to compute that: 

II S\,d{Si,,^dU ■ VSx,,<dv) 11^2(^2) , 
^ II B-^Sx.d{S^::^,u ■ WB-^Sx.,<dv) 



< 



< 



< d^- sup II s^-,^,u iu.(i3+) . ( ^ II vs;, 5a,. 



||2 



^ rf^" II^M^<i(^^>^"IU^(L3+) . ( ^ II VB^5A,.<rfz;||i^(^2))' , 



II "IIfo.i ■ A II u II 
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We can now multiply this last expression by d 2 and sum to yield: 
(L.H.S.)1I23 < E W^WFn^- a||«||f. , 



^ \\u\\fu.i ■ A II « II 



□ 



proof of estimate p2t)|) . For a fixed d we use the angular decomposition (|97|l in 
conjunction with the multiplier bound (|65|l . the multiplier Lemma |4. II and Holders 
inequality, the local Sobolev lemmas H75|l and H78|l , the angular concentration esti- 
mate (|86|) . and finally the Strichartz estimates (|53|l and H57() to compute that: 



II '5'A,.<min{d,c}(5'l,dW VS'A,.<min{d,c}«)(0 

( 



< 



E ™P II ^r.a^A(^i±> V5X.<„,i„{,.,}^^)(^) 

( E II ^M" W ■ S'^P II V^A..<nnn{d,c}t')W II 



dt 



dt 



J II ^M" His) • ^IJP II V^A,.<min{rf,c}« (i) IIl3+ dt , 

/ (E II^M^WIlis) •l|v5,^.<„,i„{,,,}(i7)^i>(i)IL3+dt , 



• A II wIlFn.;, ■ 

Multiplying this last expression through by (Xdi)^^ and summing over d yields: 



(L.H.soinai < E 



\u\\f, ■ A II w||Fn, 



< IhllF,- AiiHk.,. 



□ 



proof of estimate p27|) . We begin by fixing d and use the angular decomposition 
(|97|l in conjunction with the multiplier bound H46|) and Holders inequality, the local 
Sobolev estimates (175)1 and (f75)l . the angular concentration estimate ijS^ . and the 
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Strichartz estimates (|5!^ and l|K7|l to compute that: 



• <min{(i,c} 



dt 



< 



( \ 

V 



1 



< A^di- 1 sup II 5±> W 11^3+ • II V5X.<„i„{,^,}^i) llie^ dt , 

< AArfl" II 5i,d(f^>5u 11^2(^3+). II V5X.<minKc}«lli^(La)^ : 

< Aitdi- ||u||j.,, , • A ||w||f, . 

Multiplying this last expression through by (A^d^)"^ and summing over d yields: 

^ \\u\\Fn.i ■ II «IIfa ■ 

□ 

proo/ of estimate p28|) . Fixing d we use in order the angular decomposition ll^ 
in conjunction with the multiplier bound (|45f) and Holders inequality, the local 
Sobolev estimates (I77II and (|78|l . the angular concentration estimate H86|l . and the 
Strichartz estimates (I54|) and H57|l to compute that: 

/ sup II S'A,.<mi„{rf,c}('S'l.dUVS'A,.<min{d,c}w)(i) I|l~ , 
J to 

/ sup II S^'^u (t) IIloo • sup II VS^^.^^i^i^ {t) llioc dt , 

\i-d^- f sup ||5±Xt)||^3+. sup ||V5X.<,„i„{d,,}«W||i3+dt , 

< ATi~d3~ II ||l2(L3+) • II VS'A,.<min{<i,c}(f^)^t' ||l2(L3+) , 



Multiplying this last expression through by (Ad) and summing over yields: 

(L.H.S.)C2Hl < E (t) ' II ^ ll^'".! • A ^ ||f„,. , 

^ Iklli^n.i • A ll«lkf!,A • 

□ 



< 




< 


\i-d^ 


< 


A12 d2 


< 


A?+di 
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proof of estimate H129|l . For any decomposition u ~ X^a""' begin by fixing d 
and using the angular decomposition (|96(l in conjunction with the multiplier Lemma 
14. II and Holders inequality to compute that: 



(132) J II Sx.,<niin{d,c}iSl.,dU ■ ySx,,<niin{d.c}v)it) \\ dt , 

^ X/ W ^X,»<-mm{d,c}{Sl,dU"' ■ '\/Sx,,<-mm{d,c}V)(t)\\Lld,t , 

a •' 

^ T.J {T.\\ 5;^^a(^^>" • yB-^,Sx,,<min{d.c}Vm dt , 

^ E/ (E II W II • II Vi?^ ^A,.<min{d.c}^t) Hi. j dt 



Now, for each fixed a, we let {0a,d} be a collection of angles such that |ci;| ^ |6'c^rf|. 
Then with a repeated use of Holders inequality, the concentration estimate l|87|l . 
and the Strichartz estimate H55|l . we see that: 

(L.H.S.)C33l for a fixed a , 
^ / 1 E ^'-iP \\S^>"it)\\l-- E l|Vi?;i5,,.<.„i„{,,,}t;(<)||iJ 



< [ sup ||5^>"Wllioo I ■ BMP \\\/B'-'',S x,,<min{d.c}vit)\\ LI dt 

^ l^^.-il / IE S'-IP II Wilis' I • l|V5A,.<minKc}(^^>^^WIlL^rf^ 



>(L2) 



^ l^".rf| / E ll^?>"Wlli- • l|V5A,.<„,i„Kc}(f^>l^l|L = 

^ l^".dl / IE ^'^p ll^f>"Wlli=o I • A iit-ik,., . 

Finally, assuming that {0a,d} and the u" minimize the Zi norm for this particular 
u, we get that: 

(L.H.s.)ra < E i^^^'^i / IE ™p II Wilis' I • m\v\\f,,.>. , 

^ Ihbi • A ||w||Fn,A ■ 

□ 
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proof of estimate H13()(l . Fixing d we use the angular decomposition H96() in con- 
junction with the multipher Lemma |4.1I several rounds of Holders inequality, and 
the Strichartz estimate H55|) to compute that: 



S\.,<nun{d.c}iSl,dUVSx,,<min{d,c}v){t) \\ dt , 

< J sup II St> (t) ■ 11 VB^ 5,,.<„,i„{rf,,}^; (t) dt 

< I sup \\Sf';^u{t)\\L-^dt ■ \\ySx,,<:min{d,c}V\\L'^(L^) , 



< 



supll llioodi • A||u||_F^ . 

UJ 

Summing this last expression over d yields: 

(L.H.S.)innj < E / suv\\S^^u{t)h^dt ■ X\\v\\f, , 



d 

< Mlz.,. • AMI. 



□ 
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